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Introduction
This note studies the existence of prime periodic solutions of higher order for rational recursive equations of the form y n = A + y n−1 y n−m , n = 0, 1, . . . ,
with A > 0, y −m , y −m+1 , . . . , y −1 ∈ (0, ∞) and m ∈ {2, 3, 4, . . .}. Eq. (1) has been studied by many authors in the recent past. In [1] , conditions for global asymptotic stability of solutions are presented. In [2] , some quantitative bounds for solutions are provided. Properties of solutions for A < 0 are considered in [3, 4] . Results for instances of the more general equation
k, m ∈ {1, 2, 3, . . .}, can be found in [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] and the references therein. It is known (cf. [1] ) that all positive solutions to (1) are bounded and persist, and that a sufficient condition for global asymptotic stability of the positive equilibrium of Eq. (1) is A > 1, but little is known regarding the possible behavior of solutions for small A > 0 and large m. Here we will show that for almost all m, for sufficiently small A, there exists a prime period 2m + U m + 1 solution to (1) , where U m = max{i ∈ N : i(i + 1) ≤ 2(m − 1)}. In particular, we will prove the following theorem.
If m > 1 satisfies m ∈ V then there exists an m > 0 such that for all 0 < A < m , there exists a prime period 2m + U m + 1 solution to (1).
Proof. First, suppose that
for −m ≤ i ≤ −1. We will show first that there exist {l 0 , l 1 , . . . , l m−1 } and {r 0 , r 1 , . . . , r m−1 } such that
for 0 ≤ i ≤ m − 1. Indeed, note that for initial values satisfying (3),
and
for A > 0 sufficiently small. Hence, employing (5) and (6) gives
for A > 0 sufficiently small. For convenience, throughout this proof, at each instance, A > 0 is assumed to be sufficiently small so that the associated inequality holds. More generally, suppose
for 0 ≤ j < J for some 2 ≤ J ≤ m − 1, where l j , r j > 0, for 0 ≤ j < J . Then,
Setting r J = r J −1 + 1 and l J = l J −1 + 2, the inequalities in (4) then follow from induction. Now, consider y j for m ≤ j ≤ m + U m , where U m = max{i ∈ N : i(i + 1) ≤ 2(m − 1)}. Employing the bounds in (4) gives (for sufficiently small A > 0) that
where r m = r m−1 + l 0 + 3. Similarly, we have
where l m = l m−1 + r 0 . Inductively, employing (4), we obtain (14) and (4), we have
for sufficiently small A > 0, where 0 < δ 1 < 1. Inductively, we have
Hence suppose 2m ≤ i ≤ 2m + U m . Employing (14) and (16), we have
where q = m − U m and 0 < δ q < 1. Inductively, we obtain
for 1 ≤ i ≤ U m , where we have used the fact that (m − 1) − i(i + 1)/2 + 1 ≥ 2. Note that y i ∈ (A, A + 2A 2 ) for m + U m + 1 ≤ i ≤ 2m + U m , and consider the function F :
Recalling (3), we have shown that the (2m + U m + 1)-th iterate of F, F 2m+U m +1 , maps S A = [A, A + 2A 2 ] m into itself. Since S A is homeomorphic to a closed disk of dimension m, and F is continuous, Brouwer's fixed point theorem applies and F 2m+U m +1 has a fixed point. Thus, a period-(2m + U m + 1) solution to (1) exists, as desired.
Note that for sufficiently small A, Eqs. (4) and (14) imply that y i ∈ (A, A + 2A 2 ) for 0 ≤ i ≤ m + U m , which precludes any smaller period, and hence we have a prime periodic solution of the required form.
Remark. Note that {m > 1|m ∈ V} = {5, 8, 9, 12, 13, 14, 17, 18, 19, . . .}. By tracking constants in the above argument, it is possible, for fixed values of m, to obtain explicit ranges of A for which periodic solutions of the form prescribed by the theorem exist.
